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Parametric amplifiers are known to squeeze the vacuum state of the electromagnetic field, which
results in predictable statistics of the photocounts at their output. However, recent theoretical work
[1] predicts a very different statistical distribution for an amplifier based on a Josephson junction.
We test the hypothesis experimentally and recover the expected squeezed vacuum statistics. We
explain this discrepancy by showing theoretically how the photocount statistics is dictated by the
detection process, from single mode (our experiment) to multimode, fully resolved in frequency (as
in [1]).
Introduction. Photons truly reveal themselves as
particles only when interacting with the matter field.
From the experimental perspective, a photon is best de-
scribed as two causally linked events, a creation and an
annihilation. The statistics of photocounts must then de-
pend both on the emission and the detection modes, and
predictions about statistics of photons emitted by any
system should always specify the detection setup.
This fact becomes an important factor in some exper-
iments. Consider, for instance, the output of a Joseph-
son parametric amplifier (JPA) [2–6]. This type of de-
vice is very much at the forefront of quantum optics
in microwaves, as it constitutes a quantum-limited am-
plifier in this band and as such is likely to be used
in all quantum computing and measurement schemes.
Understanding the noise characteristics of those devices
is critical for these typically small signal applications.
In the most fundamental case, the input of a JPA is
simply the electromagnetic vacuum. A theoretical pa-
per [1] predicts the full counting statistics of photo-
counts emitted by such a system. But the results ap-
pear to contradict the model of parametric amplifiers as
“vacuum squeezers”, a well-studied quantum optics fact.
The squeezing operator generates pairs of photons, and
this is reflected in the photocount variance, which reads〈
δn2
〉
= 2 〈n〉 (〈n〉+ 1). In contrast, the theoretical pre-
dictions of Ref. [1] is
〈
δn2
〉
= 2 〈n〉
(
8 〈n〉2 + 5 〈n〉+ 1
)
.
In both cases, at very small signal,
〈
δn2
〉 ' 2 〈n〉, twice
the classical value. This reflects the emission of pairs
of photons in the squeezing process. However, the vari-
ance predicted in Ref. [1] dramatically increases as 〈n〉3
for higher signals. This is a strong departure form the
expected squeezed vacuum behavior.
In this paper, we show that the apparent discrepancy
is due to the choice of detection scheme in the theoretical
reference. Indeed, the detector is assumed to have infi-
nite frequency resolution. Of course, real measurements
are limited both in time and bandwidth. They inherently
possess finite frequency resolution. When the detection
bandwidth closely resembles the natural mode of the am-
plifier’s cavity, a single quantum mode is observed and
we show both theoretically and experimentally that the
‘correct’ squeezed vacuum statistics is recovered.
The paper is organized as follows. We present an ex-
periment with limited frequency resolution at the output
of a JPA with vacuum input. The discrete photocount
statistics is recovered from continuous voltage measure-
ments [7]. We show that after careful calibration, we
recover a variance and third-order photocount moment
equal to those predicted for a squeezed vacuum, and not
those predicted by Ref. [1]. These measurements are well
captured by a simple input-output [8–10] model of the
JPA, followed by a single-mode (non frequency-resolved)
detector. In contrast, a variant of the model, using the
same input-output relations for the JPA but a multimode
(frequency-resolved) detector, leads to the statistics pre-
dicted by Ref. [1]. The distinction is lost in narrow-band
experiments, but we anticipate that it will play a crucial
role in the results of future experiments using the new
generation of wide bandwidth JPAs [11, 12].
Experimental setup. The experimental setup is
presented in Fig. 1. We study the signal emitted by
a commercial Josephson parametric amplifier (paramp),
similar to that of Ref. [13], placed in a dilution refrig-
erator at ∼ 7 mK and driven by two (phase-locked) si-
nusoidal pumps of frequencies f1 = 4.5 GHz and f2 =
7.5 GHz. The output signal is measured in a small fre-
quency band centered around (f1+f2)/2 = 6.0 GHz. The
dual-pump operation mode [14] is selected to avoid resid-
ual pump signal in the measurement band, so that the
input of the paramp in the measured bandwidth can be
considered as the vacuum.
The paramp resonance frequency can be tuned by
a current bias through a superconducting flux coil in
the vicinity of the paramp SQUID loop (omitted on
schematic for clarity). A 4–8 GHz band pass filter pro-
tects the paramp from radiation outside of its operation
range. Circulators are used to separate the input and
output fields of the paramp and to isolate it from the
noise of the 3 K and 300 K stages. A microwave switch is
used to swap a 50 Ω resistor in place of the paramp for
calibration purposes.
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FIG. 1. Experimental setup used for detection. The flux
bias coil of the paramp is omitted for clarity. Circled letters
are calibration reference points. See text for details.
The paramp output signal is amplified and conveyed to
300 K, where it is downconverted by an IQ mixer with a
local oscillator (LO) at frequency f0 ≈ 6.0 GHz. The LO
is not phase-locked with the pumps. The downconverted
signal is then filtered by a 0.1 – 168 MHz bandpass filter
and sampled by a fast acquisition card with 14-bit reso-
lution and 400 MSa/s rate. Histograms of the measured
signal and their six first cumulants are computed on the
fly during the data acquisition.
Calibration. Proper calibration is essential to com-
pare experimental results with theory. Three calibrations
are required: that of the ac power at the sample level,
that of the absolute photon numbers that are detected,
calculated for the measured voltage cumulants Cj , and
that of the paramp resonance frequency vs. current in
the flux bias coil.
To calibrate the attenuation between the excitation at
room temperature (circle reference A in Fig. 1) and the
input port of the paramp (B ≈ B’), we use a macroscopic
R = 50 Ω resistor in place of the paramp (using the cryo-
genic switch). We can heat that resistor using either a
known dc current or an ac bias and observe the temper-
ature increase by the increased noise it emits. Thus we
can map which dc current is needed to heat the resistor
as much as a given ac voltage, as in [15]. The linear rela-
tion we observe between them provides us with the A–B
attenuation, 24.96 dB.
To calibrate the effective gain between the output of
the paramp (B) and the data acquisition (C), we mea-
sure the A–C gain by adjusting the paramp DC flux line
to put it out of resonance such that it totally reflects an
incoming test tone signal of known amplitude, and sub-
tract the previously obtained A–B attenuation. We find
the B–C gain to be 87.67 dB.
The paramp resonance frequency, which is controlled
by the current applied to the flux bias coil, is calibrated
by measuring the reflected phase on the paramp using
a vector network analyser in the absence of a pump
signal.[13, 16]
Measurements. In order to probe the photon statis-
tics of the paramp for different regimes of operations, we
explore its parameter space, flux bias and pump power,
for a fixed measurement frequency f0 = (f1 + f2)/2 =
6.0 GHz. Experimentally, we first select a pump power
yielding a maximum gain of approximately 10 dB and ad-
just the paramp at this operation point. Then, we sweep
the flux bias current and the pump power around the
initial values while measuring the cumulants of the volt-
age fluctuations generated by the paramp. From these
we compute the moments of the photocount distribution
〈n〉, 〈δn2〉, 〈δn3〉, shown in Fig. 2 using the precedure de-
velopped in [7, 17]. We show in Fig. 3 the variance and
in Fig. 4 the skwness of the photocount distribution as a
function of the average photon number. There are many
combinations of flux bias and pump power that give the
same average photon number 〈n〉, each providing a differ-
ent value of 〈δn2〉 and 〈δn3〉. As a consequence, Figs. 3
and 4 exhibit clouds of experimental points and not just
single curves. A particular subset of points corresponds
to the maximum gain of the paramp, i.e. the largest value
of 〈n〉 for each pump power. Those are the best operat-
ing points for the paramp used as an amplifier; they are
represented as blue solid points in Fig. 2 (a). Reporting
these points in Figs. 2 (b) and (c), we observe that they
are close the the maximum of the fourth cumulant C4
and correspond to a vanishing C6. The same points are
highlighted in Figs. 3 and 4 (open circles). We find that
these specific points closely follow the expected relations
for a squeezed vacuum, represented by dashed lines in
Figs. 3 and 4.
Theory. To model the JPA, we apply the input-
output formalism [8–10] to a single-ended, frequency-
symmetric single-mode cavity. The intra-cavity Hamil-
tonian is assumed to be the squeezing Hamiltonian that
is characteristic of parametric amplifiers [18–21]. The
output electromagnetic modes can be written as a func-
tion of the free input modes bν , in the frame rotating at
ν0 and up to a constant phase, as
Bout(ν) = cosh[η(ν)]bν + e
iφ sinh[η(ν)]b†−ν , (1)
with φ defining a squeezing direction, and
η(ν) =
1
2
ln

√
(Γ2 + ν2 + |ξ|2 − δ2)2 + 4δ2Γ2 + 2Γ |ξ|√
(Γ2 + ν2 + |ξ|2 − δ2)2 + 4δ2Γ2 − 2Γ |ξ|
 .
(2)
In this expression, Γ is the cavity coupling parameter, in-
versely proportional to the decay time of the cavity, and ξ
is the nonlinear intra-cavity 2-photon coupling parameter
(in the two-pump scheme, |ξ| ∝ √P1 P2, the geometric
average of both pump powers). The photon-photon inter-
action Hamiltonian also shifts the position of the center
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FIG. 2. Measured cumulants of voltage fluctuations generated
by the paramp as a function of its resonance frequency and
pump power. The Frequency axis is controlled by the flux
bias. The thick blue solid line in (a) corresponds to the ridge
of C2. The dashed blue line in (b) and (c) corresponds to
frequency and pump power that correspond to the blue line
of (a).
peak of the cavity mode proportionally to P1+P2, as seen
in Fig. 2. The peak can be brought back to the center
of the measurement window by adjusting the magnetic
flux. This is captured by δ = φ + |ξ|(P1 + P2)/
√
P1 P2,
where φ is the frequency shift induced by the magnetic
flux. The ‘ridge’ (maximum) of C2 observed in Fig. 2
corresponds to δ = 0.
Using this model, we calculate the moments of the
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FIG. 3. Variance of the photocounts 〈δn2〉 as a function of
the average photon number 〈n〉. Dots are experimental data
and each line represents a given pump power. Open circles
correspond to the maximum of the paramp gain, i.e the blue
line in Fig. 2. The dashed line corresponds to the theoretical
prediction for squeezed vacuum.
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FIG. 4. Skewness of the photocounts 〈δn3〉 as a function of
the average photon number 〈n〉. Dots are experimental data
and each line represents a given pump power. Open circles
correspond to the maximum of the paramp gain, i.e the blue
line in Fig. 2. The dashed line corresponds to the theoretical
prediction for squeezed vacuum.
statistics of the photon flux per unit of frequency and
time, for a detector with normalized response function
h(ν),
〈
nk
〉
=
∫
dν1 · · · dν2k h∗(ν1)h(ν2) · · ·h∗(ν2k−1)h(ν2k)
〈φi|B†out(ν1)Bout(ν2) · · ·B†out(ν2k−1)Bout(ν2k) |φi〉 ,
(3)
where |φi〉 is the input state of the JPA. In the case of an
electromagnetic vacuum input, |φi〉 = |vac〉, we find the
expected statistics of a squeezed vacuum on the ‘ridge’ of
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FIG. 5. Comparison between single mode counting, as in our
experiment, and multimode counting with unit cavity cou-
pling strength, as in Ref. [1]. The parameter τ is the time of
accumulation of photocounts for each data point [22].
C2. In particular, for η in the unit range or above, [22]
〈n〉 =
∫
dν n(ν), (4)
with n(ν) = sinh2[η(ν)], and〈
δn2
〉
= 2 〈n〉 (〈n〉+ 1). (5)
The Fano factor F = 〈δn2〉 / 〈n〉 is thus simply
F = 2 (〈n〉+ 1). (6)
This result is at odds with the predictions of Ref. [1].
The reason is that the theoretical framework of the refer-
ence uses a different detection scheme, where the signal
is resolved in frequency. For a frequency resolution ∆,
the measured moments per unit time are,
〈
nk
〉
∆
=
∫
dν1 · · · dν2k δ∆(ν1−ν2) · · · δ∆(ν2k−1−ν2k)
〈φi| b†o(ν1)bo(ν2) · · · b†o(ν2k−1)bo(ν2k) |φi〉 , (7)
where δ∆ are peaked functions of width ∆ and unit in-
tegrated value. They tend to the true Dirac delta distri-
bution as ∆→ 0 [22]. In the same limit, the Fano factor
F∆ ≡
〈
δn2
〉
∆
/ 〈n〉∆ behaves as
lim
∆→0
F∆ =
∫
dν 2n(ν)[n(ν) + 1]∫
dν n(ν)
. (8)
This result is very different from that of Eq. (5). It cor-
responds to summing many independent modes, resolved
in frequency. Each mode is a squeezed vacuum with a
Fano factor of the form of Eq. (6). But the behavior
of the overall Fano factor is dependent on the detector
bandwidth (the inverse of the time τ spent accumulat-
ing photocounts for each data point [22]). For a detector
with bandwidth 4piΓ (the coupling strength between the
inside and outside of the cavity), the Fano factor cor-
responds to that found in Ref. [1]. However, if another
bandwidth is chosen, the relation between
〈
δn2
〉
and 〈n〉
is different, as shown in Fig. 5.
Discussion. Our theoretical analysis clearly explains
the importance of the detection scheme and thus why
the predictions of [1] differ from that of the expected
squeezed vacuum statistics. It also predicts that with our
present setup we should observe the photon statistics of
squeezed vacuum. We indeed observe the ‘right’ statistics
on the ‘ridge’ of C2, that is on the optimal functioning
points of the paramp.
However, the theory fails to explain why we observe
clouds of points for 〈δn2〉 and 〈δn3〉 vs. 〈n〉 in Figs. 3
and 4. It does predict that we can observe a photocount
variance lower than that of the squeezed vacuum, but
never higher [22]. One can easily understand that if the
measurement bandwidth is finite and not centered on the
resonance (i.e., off the ridge) there might be photon pairs
which are detected as single photons (the other photon
of the pair being outside the detection bandwidth). This
leads to a mixture between squeezed vacuum and thermal
state and thus leads to a decrease of 〈δn2〉. In contrast,
we observe that experimental points off the ridge lie both
below and above the variance of squeezed vacuum.
In an attempt to correct the theory, we considered the
effect of wideband detection [22, 23]. We do find a small
cloud of points, but they all lie beneath the theoreti-
cal maximum variance. In addition, we find a non-zero
sixth-cumulant C6 outside of the ridge, as featured in
Fig. 2. This is an interesting feature, as the narrow-band
theory predicts C6 = 0 everywhere, just as it is zero on
the ‘ridge’ of our experiments. However, the amplitude
of the corrected C6 is too small by one order of magni-
tude compared to the experiments. Hence, the wideband
correction is insufficient to explain experimental data.
Another potential shortcoming of the theoretical model
is the fact that the nonlinear coupling of the Josephson
junction is cut at the second order in our Hamiltonian.
This is also the case for the reference motivating this
text [1], so we did not attempt to expand the Hamil-
tonian to higher orders. However, the Josephson para-
metric amplifier can be highly nonlinear, and this sim-
plification is likely to fail at higher powers, starting at
the single digit photon number. This has been studied
in details in [21] for the case φ = 0. In Figs. 3 and 4,
we linked all the points corresponding to the same pump
power by a single line. We clearly see that excursions
away from the theoretical values increase dramatically
with pump power. We also see that the ridge is defined
as the maximum of 〈n〉 vs. flux bias for any given pump
power, i.e.
(
∂〈n〉
∂Φ
)
P
= 0. It is straightforward to show
that it also corresponds to the minimum pump power for
a given 〈n〉, i.e. (∂P∂Φ )〈n〉 = 0. As a consequence, we show
5that we recover the squeezed vacuum photocount distri-
bution only for a pump power close to the optimum gain
(even though our bichromatic pumping scheme is the one
that leads to the least nonlinearities [21]). In addition,
half the points lie above, and half the points lie below
the theoretical curve. Thus we expect that a successful
theory would take into account the sign of the flux bias
(i.e. it should feature odd terms in the flux bias, which
our theory fails to do).
Conclusion. We have performed an experimental
and theoretical investigation of the photon statistics of
the microwave radiation generated by a Josephson para-
metric amplifier. We have observed that with a wide-
band, single-mode detection scheme, the statistics is that
of squeezed vacuum when the pump of the paramp is
kept to its lowest value for a given average photon num-
ber and strongly departs from it at higher power. Our
theoretical analysis shows how the photocount statistics
crucially depends on the detection bandwidth, from a
time-resolved, wideband amplifier (our setup) to that of
frequency-resolved photodetection[1]. Our results, which
are valid for any kind of paramp, are of great interest
both to the development of quantum limited amplifiers
with optimal photon statistics as well as for the develop-
ment of sources of radiation with non-classical statistics.
As a matter of fact, instead of playing with the source,
we show that one can play with the detector, in a similar
way as quantum computation may require non-Gaussian
states of light if measurements are performed with linear
detectors whereas Gaussian states are enough if one uses
single photon detectors[24]. More theoretical and exper-
imental works are needed to explore the path we have
paved, in particular to understand how high order terms
in the Hamiltonian affect the photcount distribution for
an arbitrary detection bandwidth.
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We consider a single-sided, narrow-band cavity mode A(t)
coupled on one side to a continuum of modes Bν(t). The
coupling coefficient Γ is assumed to be constant over the
narrow range of frequencies under consideration.
The resonance of the cavity can be modified via a magnetic
flux φ. The cavity is pumped by two narrow-band signals
with power P1 and P2 and respective frequencies ν1 and
ν2. We detect the output signal in a narrow band around
ν0 = (ν1 + ν2)/2.
We use the input-output formalism [1] to model the inter-
action between the cavity mode and the output modes [2].
I. INPUT-OUTPUT MODEL
A. Evolution of the external operators
The Hamiltonian for the external modes is
Hb =
∫ +∞
−∞
dν 2pi~ν B†νBν , (1)
while the interaction Hamiltonian is
Hi = i~
√
4piΓ
∫ +∞
−∞
dν
[
B†νA−BνA†
]
. (2)
Strictly speaking, ν only goes from 0 to +∞. However,
as usual in quantum optics [1] in the narrow-band regime,
i.e. when the modes are centered around a frequency ν0
and in a bandwidth B  ν0, we extend the limits of all
integrations in ν from −∞ to +∞.
The Bν operators evolve as
dBν
dt
=
i
~
[Hb +Hi ,Bν ] , (3)
and we find
∗Electronic address: stephane.virally@usherbrooke.ca
Bν(t) = Bν(tin) e
−i2piν(t−t in) +
√
4piΓ
∫ t
t in
dτ A(τ)e−i2piν(t−τ),
= Bν(tout) e
−i2piν(t−tout) −
√
4piΓ
∫ tout
t
dτ A(τ)e−i2piν(t−τ),
(4)
where tin and tout are times before and after interaction of the external modes with the cavity.
We define the integrated external modes
B(t) =
∫ +∞
−∞
dνBν(t);
Bin(t) ≡ −
∫ +∞
−∞
dνBν(tin) e
−i2piν(t−tin) ≡
∫ +∞
−∞
dνBin(ν) e
−i2piνt ;
Bout(t) ≡ +
∫ +∞
−∞
dνBν(tout) e
−i2piν(t−tout) ≡
∫ +∞
−∞
dνBout(ν) e
−i2piνt ,
(5)
where the ± signs are only a convention. This leads to the input-output relations between the external modes before and
after interaction,
B(t) = −Bin(t) +
√
4piΓ
2
A(t) = Bout(t)−
√
4piΓ
2
A(t). (6)
We assume that the input modes have not interacted with anything. That is, we identify
Bin(ν) = bν , (7)
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B. Evolution of the cavity operator
1. Bare cavity
The Hamiltonian for the internal mode is Ha. It evolves
as
dA
dt
=
i
~
[Ha +Hi ,A] . (8)
For a bare, narrow-band cavity
Ha = 2pi~ν0 A†A, (9)
leading to
dA
dt
= −i2pi(ν0 − iΓ)A+
√
4piΓBin;
= −i2pi(ν0 + iΓ)A−
√
4piΓBout.
(10)
We first eliminate ν0 by placing ourselves in the rotating
frame. In addition, we define the Fourier transform of
A(t),
A(ν) =
∫ +∞
−∞
dtA(t) e i2piνt , (11)
and obtain
− i2pi(ν + iΓ)A(ν) =
√
4piΓ bν ; (12)
− i2pi(ν − iΓ)A(ν) = −
√
4piΓ Bout(ν), (13)
Note that we have replaced Bin(ν) by bν in the first equal-
ity.
For a cavity with an infinite Q-factor, we would expect
A(ν) = e iφ(ν)
√
δ(ν) bν . (14)
Indeed, we get
A(ν) =
√
Γ/pi
Γ− iν bν = e
i arctan(ν/Γ)
√
Γ/pi
Γ2 + ν2
bν , (15)
so that for Γ → ∞, the expression indeed tends towards
the square-root of the delta distribution.
We then find
Bout(ν) = e
−i2 arctan(ν/Γ) bν , (16)
which shows that the output modes remain the free modes
of the EM field, with a frequency-dependent phase, as ex-
pected. The input-output relation is unitary.
2. Parametric amplifier
For a narrow-band parametric amplifier, we have
Ha = 2pi~ (ν0 + δ)A†A+ i2pi~
(
ξA†A† − ξ∗AA) , (17)
where ξ is the nonlinear coefficient of the amplification
process and δ = φ+|ξ| (P1+P2)/
√
P1P2 (φ is the frequency
displacement provided by the magnetic flux).
We eliminate ν0 by placing ourselves in the rotating frame,
and get
i
~
[Ha,A(t)] = −i2pi~δA(t) + 2piξA†(t), or
i
~
[Ha,A(ν)] = −i2piδA(ν) + 2piξA†(−ν),
(18)
as
A†(t) =
∫ +∞
−∞
dνA†(ν) e i2piνt
=
∫ +∞
−∞
dνA†(−ν) e−i2piνt .
(19)
We then have to solve
− i2pi(ν + iΓ)A(ν) = −i2piδbν + 2piξA†(−ν) +
√
4piΓbν ; (20)
− i2pi(ν − iΓ)A(ν) = −i2piδbν + 2piξA†(−ν)−
√
4piΓBout(ν). (21)
3The solution to Eq. (20) is
A(ν) =
[Γ− i (ν + δ))]
√
Γ/pi
(Γ− iν)2 + δ2 − |ξ|2 bν +
ξ
√
Γ/pi
(Γ− iν)2 + δ2 − |ξ|2 b
†
−ν , (22)
and the solution to Eq. (21) is
Bout(ν) =
(Γ− iδ)2 + ν2 + |ξ|2
(Γ− iν)2 + δ2 − |ξ|2 bν +
2Γξ
(Γ− iν)2 + δ2 − |ξ|2 b
†
−ν . (23)
This is a Bogoliubov relation of the form Bout(ν) = e
iφc cosh(η) bν + e
iφs sinh(η) b†−ν , with
φc(ν,Γ, |ξ|, δ) = arctan
[
2νΓ
Γ2 − ν2 + δ2 − |ξ|2
]
− arctan
[
2δΓ
Γ2 − δ2 + ν2 + |ξ|2
]
; (24)
φs(ν,Γ, |ξ|, δ) = arctan
[
2νΓ
Γ2 − ν2 + δ2 − |ξ|2
]
+ arg [ξ] ; (25)
η(ν,Γ, |ξ|, δ) = 1
2
ln

√
(Γ2 + ν2 + |ξ|2 − δ2)2 + 4δ2Γ2 + 2Γ |ξ|√
(Γ2 + ν2 + |ξ|2 − δ2)2 + 4δ2Γ2 − 2Γ |ξ|
 . (26)
On the ‘ridge’, for δ = 0, this reduces to
η(ν,Γ, |ξ|) = 1
2
ln
[
(Γ + |ξ|)2 + ν2
(Γ− |ξ|)2 + ν2
]
. (27)
II. DETECTION MODEL
At the output of the setup, we measure time-averaged
statistics of the band-filtered single mode
Bh(t) =
∫ +∞
−∞
dν h(ν) Bout(ν) e
−i2piνt , (28)
where h(ν) is the integral-normalized (
∫
dν |h(ν)|2=1) fil-
ter response function of the detection filter. As h(ν) is
integral-normalized, the quantity Nh(t) ≡ B†h(t)Bh(t) is
the number of photons counted per unit frequency and unit
time. The statistical moments of the distribution, which
are time-independent in the stationary regime, are
〈
N kh (t)
〉 ≡ 〈nk〉 = ∫ +∞
−∞
dν1 dν2 · · · dν2k−1 dν2k
〈
B†out(ν1)Bout(ν2) · · ·B†out(ν2k−1)Bout(ν2k)
〉
h∗(ν1)h(ν2) · · · h∗(ν2k−1)h(ν2k) exp[i(ν1 − ν2 + · · ·+ ν2k−1 − ν2k)t]. (29)
The quantum average is taken on the input mode (in our
case, the vacuum) after having substituted all Bout by
the appropriate expressions of the free modes bν using
Eq. (23). Applying the usual commutation relations and
the effect of the ladder operators on the vacuum, we find
that the moments are indeed time-independent and verify
〈n〉 = I1;
〈
δn2
〉
= I1I2 + I3;〈
δn3
〉
= (I1 + I2)(I1I2 + 3I3), (30)
where
I1 =
∫ +∞
−∞
dν |h(ν)|2 n(ν), (31)
4with n(ν) = sinh2[η(ν)], and
I2 =
∫ +∞
−∞
dν |h(ν)|2 [n(ν) + 1]; (32)
I3 =
∣∣∣∣∫ +∞−∞ dν h(ν)h∗(−ν)√n(−ν)[n(ν) + 1]
∣∣∣∣2 , (33)
with η is defined in Eq. (26).
We can make a few comments about these forms:
• as h(ν) is integral-normalized, I2 = I1 + 1;
• using Cauchy-Schwarz inequality, I3 ≤ I1I2, so that〈
δn2
〉 ≤ 2 〈n〉 (〈n〉+ 1).
Because of the exponential form of cosh and sinh, it only
takes η to be of the order of a few units for the Cauchy-
Schwarz inequality to become a quasi equality, so that we
find, as expected for a squeezed vacuum,〈
δn2
〉
= 2 〈n〉 (〈n〉+ 1);〈
δn3
〉
= 2 〈n〉 (2 〈n〉+ 1)(2 〈n〉+ 2). (34)
In contrast, the statistics presented in [3] corresponds to
frequency-resolved photon detection. The measurement
adds up the photocounts of independently-resolved orthog-
onal modes of width ∆→ 0,
B∆,n(t) =
∫ +∞
−∞
dνBout(ν)γ∆,n(ν) e
−i2piνt , (35)
where we have defined
γ∆,n(ν) ≡ γ∆(ν − n∆). (36)
Here, γ∆ is a function of width ∆, centered around ν = 0,
verifying∫ +∞
−∞
dν γ∆(ν − n∆)γ∆(ν −m∆) = δn,m. (37)
Examples of mode generator functions are:
• the sinc functions γ∆(ν) =
√
1
∆ sinc
(
pi ν
∆
)
;
• the window functions γ∆(ν) = 1√∆ Π[− ∆2 ; ∆2 ](ν).
In this theoretical framework, we find
〈n〉∆ =
∑
n
J1;n,n;〈
δn2
〉
∆
=
∑
n,m
J1;n,mJ2;n,m + J3;n,−m,
(38)
where
J1;n,m =
∫ +∞
−∞
dν γn,∆(ν) γm,∆(ν) n(ν); (39)
J2;n,m =
∫ +∞
−∞
dν γn,∆(ν) γm,∆(ν) [n(ν) + 1]; (40)
J3;n,−m =
∣∣∣∣∫ +∞−∞ dν γn,∆(ν) γ−m,∆(ν)√
n(−ν)[n(ν) + 1]
∣∣∣∣2 . (41)
Using the orthonormality of the γn,∆(ν) functions, we have∫ +∞
−∞
dν γ∆(ν − νn) γ∆(ν − νm) f (ν) ' δn,m f (νn),
(42)
and in the same limit of large η(ν) as in Eq. (34), we obtain
〈n〉∆ =
∑
n
Nn;
〈
δn2
〉
∆
=
∑
n
2Nn(Nn + 1), (43)
with Nn the number of photons in mode n.
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FIG. 1: Comparison between single mode counting, as in the
experiment presented in our paper, and multimode counting.
In the latter case, the choice of integration time makes all the
difference. For τ = 1/4piΓ, we find the results of Ref. [3].
However, when other multiples of 1/Γ are chosen instead, the
variance of photocounts behaves very differently and can ac-
tually be above or below that of the single mode case.
We can compare these results with those of Eq. (34), and
it becomes apparent that we have a sum of independent
modes, centered around their respective frequencies. As a
result, we do not find the expected
〈
δn2
〉
= 2 〈n〉 (〈n〉+1),
as there is an infinite number of modes.
Although always infinite because of the assumed infinite
bandwidth, the number of modes increases linearly with
the integration time 1/∆ required to resolve the modes. It
is thus a good idea to define rates of photocount moments
per unit time, ∆
〈
δnk
〉
∆
, as we can expect them to remain
finite. At the same time, we need to take into account the
finite bandwidth of the detector, which translates in time
5domain to an integration time τ for the detection. The
number of photons counted by the detector in any interval
of time τ is thus τ∆
〈
δnk
〉
∆
. Taking the limit of ∆ → 0,
we find
lim
∆→0
τ∆ 〈n〉∆ = τ
∫ +∞
−∞
dν n(ν),
= 2piΓτ Fn(Γτ, |ξ|τ, δτ)
(44)
and
lim
∆→0
τ∆
〈
δn2
〉
∆
= τ
∫ +∞
−∞
dν 2 n(ν)[n(ν) + 1].
= 2piΓτ Fδn2 (Γτ, |ξ|τ, δτ),
(45)
where Fn and Fδn2 are unitless functions of the unitless
parameters Γτ, |ξ|τ, δτ . In that sense, they are universal
and useful for the characterization of the noise of paramps.
The Fano factor is thus simply
F = Fδn2 (Γτ, |ξ|τ, δτ)
Fn(Γτ, |ξ|τ, δτ) , (46)
and it depends on the valuse of the unitless parameters
Γτ, |ξ|τ, δτ .
The Fano factor found in Ref. [3], corresponds to defining
τ ≡ 1/4piΓ, δ = 0, and using the free parameter |ξ|τ
(proportional to the pump power) as a knob to change
the average photon number in the cavity. In this specific
context we find〈
δn2
〉
= 2 〈n〉
[
8 〈n〉2 + 5 〈n〉+ 1
]
, (47)
as illustrated in Fig. 1.
If we instead choose τ = 1/2piΓ, τ = 1/8piΓ, or even
τ = 1/Γ as the integration time, we find different relations
between
〈
δn2
〉
and 〈n〉, also shown in Fig. 1.
III. WIDEBAND DETECTION
The quantity that is detected in our experiments is volt-
age, the equivalent of the electric field in free space. As
shown in Ref. [4], the voltage is not the same thing as the
‘photonic field’ carrying information about photocounts on
a detector. So what is really measured is not directly the
bosonic mode of Eq. (28), but rather the linked quantity,
Vh(t) =
√
ν0
∫ +∞
−∞
dν
√
1 +
ν
ν0
h(ν) Bout(ν) e
−i2piνt ,
(48)
where ν0 is the central frequency (6 GHz) of the detection
band.
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